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Abstract
One of the most popular tools for mining data streams are decision trees.
In this paper we propose a new algorithm, which is based on the commonly
known CART algorithm. The most important task in constructing decision
trees for data streams is to determine the best attribute to make a split in the
considered node. To solve this problem we apply the Gaussian approximation. The presented algorithm allows to obtain high accuracy of classiﬁcation,
with a short processing time. The main result of this paper is the theorem
showing that the best attribute computed in considered node according to
the available data sample is the same, with some high probability, as the
attribute derived from the whole data stream.
Keywords: Data steam, decision trees, CART, Gini index, Gaussian
approximation
1. Introduction
Among the plenty of techniques and methods used in machine learning
or data mining, the classiﬁcation seems to be one of the most important
[14, 21, 31, 35]. Let Ai denotes the set of possible values of attribute ai ,
for i = 1, . . . , D. The aim of the classiﬁcation task is to ﬁnd a classiﬁer
h : A1 × . . . × AD → {1, . . . , K} based on the training dataset S ⊂ A1 ×
. . . × AD × {1, . . . , K}. The dataset S consists of n elements sm = (vm , km ) =
D
1
], km ), m = 1, . . . , n, where
, . . . , vm
([vm
Email addresses: leszek.rutkowski@iisi.pcz.pl (Leszek Rutkowski),
maciej.jaworski@iisi.pcz.pl (Maciej Jaworski), lena.pietruczuk@iisi.pcz.pl
(Lena Pietruczuk), piotr.duda@iisi.pcz.pl (Piotr Duda)

Preprint submitted to Information Science

August 28, 2013

i
• vm
∈ Ai is the value of attribute ai for data element sm ,

• km ∈ {1, . . . , K} is a class of data element sm .
The classiﬁer h is used to assign a class k ∈ {1, . . . , K} to unlabeled data
elements v ∈ A1 × . . . × AD . For static datasets a variety of classiﬁcation
methods have been proposed in literature. The most popular are neural
networks [29, 30], k-nearest neighbors [4] or decision trees [3, 26, 27], which
are within the scope of this paper. The decision tree is a structure composed
of nodes and branches. Terminal nodes are called leaves. To each node Lq ,
which is not a leaf, an appropriate splitting attribute ai is assigned. The
assignment of the attribute to the considered node is the crucial part of the
decision tree construction algorithm. Usually the choice of the attribute is
based on some impurity measure, calculated for the corresponding subset Sq
of the training dataset S. The impurity measure is used to calculate the split
measure function for each attribute. According to the chosen attribute, the
node is split into children nodes, which are connected with their parent nodes
by branches. There exist two types of decision trees: binary and non-binary.
In the case of non-binary tree, the node is split into as many children as the
number of elements of set Ai . Each branch is labeled by a single value of
attribute ai . If the tree is binary, the node is split into two children nodes.
The branches are labeled by some complementary subsets of Ai . According
to the branches, the set Sq is partitioned into subsets, which then become the
training subsets in the corresponding children nodes. Leaves serve to label
unclassiﬁed data elements.
The existing algorithms for decision trees construction diﬀer mainly in
the two ﬁelds mentioned above: type of tree (binary or non-binary) and type
of impurity measure. The ID3 algorithm [26], for example, produces nonbinary trees. As the impurity measure the information entropy is applied.
The split measure function, based on it, is called the information gain. An
upgraded version of the ID3 algorithm, also based on the information entropy,
is the C4.5 algorithm [27]. In this algorithm an additional function, called
the split information, is proposed. It takes high values for attributes with
large domains. As the split measure function in the C4.5 algorithm, the
ratio of the information gain and the split information is used. In the CART
algorithm [3] binary trees are constructed. The impurity measure is in the
form of Gini index.
The algorithms mentioned above (ID3, C4.5 and CART) are designed for
static datasets. They cannot be applied directly to data streams [1, 2, 7, 11,
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12, 13, 24], which are of inﬁnite size. Moreover, in case of data streams data
elements income to the system continuously with very high rates. Additionally, the concept drift may occur [8, 10, 17, 20, 22, 34], which means that the
concept of data evolve in time. In the literature there are various approaches
to deal with data streams. In recent decade an appropriate tool to solve data
streams problems is incremental learning [6, 15, 25]. Among few characterizations of incremental learning presented in the literature we cite [15] stating
that ’incremental learning should be capable of learning a new information
and retaining the previously acquired knowledge, without having access to
the previously seen data’. It is easily seen that the approach based on the
decision trees possesses main features of the incremental learning.
In this paper we present a method to adapt the CART algorithm to deal
with data streams. The main problem is to determine the best attribute
in each node. Since it is not possible to compute the values of split measure based on inﬁnite dataset, they should be estimated using the sample of
data in considered node. Then, with some probability, one can say whether
the best attribute according to this sample is also the best with respect to
the whole stream. In the literature there are few approaches to solve this
problem:
a) The commonly known algorithm called ‘Hoeﬀding’s Tree’ was introduced by P. Domingos and G. Hulten in [5]. The main mathematical
tool used in this algorithm was the Hoeﬀding’s bound [16] in the form:
Theorem 1. If X1 , X2 , . . . , Xn are independent random variables and
ai ≤ Xi ≤ bi (i = 1, 2, . . . , n), then for ϵ > 0
∑n

P {X − E[X] ≥ ϵ} ≤ e−2n ϵ / i=1 (bi −ai )
∑
where X = n1 ni=1 Xi and E[X] is expected value of X.
2 2
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(1)

For ai = a and bi = b, (i = 1, 2, . . . , n) it states that after n observations
the true mean of the random variable of range R = b − a does not diﬀer
from the estimated mean by more than
√
R2 ln 1/α
(2)
ϵH =
2n
3

with probability 1 − α. However, we would like to emphasize that the
Hoeﬀding’s bound is wrong tool to solve the problem of choosing the
best attribute to make a split in the node. This observation follows
from the fact that the split measures, like information gain and Gini
index, can not be presented as a sum of elements and they are using
only frequency of elements. Moreover, Theorem 1 is applicable only
for numerical data. Therefore the idea presented in [5] violates the
assumptions of Theorem 1 and the concept of Hoeﬀding Trees has no
theoretical justiﬁcation.
b) In [33] the authors proposed new method in which they used the McDiarmid’s inequality [23] instead of Hoeﬀding’s bound as a tool for
choosing the best attribute to make a split. First the function f (S)
was proposed as a diﬀerence between the values of Gini indices of two
attributes
f (S) = Giniax (S) − Giniay (S).
(3)
By applying the McDiarmid’s inequality authors obtained the value of
√

ln(1/α)
,
(4)
2n
such that for any ﬁxed α, if f (S) > ϵM , then with probability 1 − α
attribute ax is better to make a split than attribute ay .
ϵM = 8

c) In [18] the authors proposed a method, based on the Multivariate
Delta Method, for determining if the best attribute calculated from
the data sample in considered node is also the best according to the
whole stream. Even though the idea was valuable, the authors omitted
the issue of calculating some of the necessary parameters what is not
trivial. Therefore, the method does not have any practical application.
d) In [32] the authors presented the Gaussian Decision Tree (GDT) algorithm, which is based on the idea presented in [5]. The GDT algorithm
was developed on the basis of the ID3 algorithm. Unfortunately, the
GDT algorithm can be applied only for the two-class problem.
In this paper we propose a new algorithm, called CART for data stream
(dsCART), inspired by [5]. The novelty is summarized as follows:
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i. Following the idea of [18] we propose a new method to determine
the best attribute to split the considered node. Contrary to [18], our
method has a practical meaning and can be applied in a combination
with many developed so far data stream mining algorithms, e.g. the
Concept-adapting Very Fast Decision Trees (CVFDT) [17] or Hoeﬀding Option Trees (HOT) [24]. Our approach is based on the Taylor’s
Theorem and the properties of the normal distribution [19, 28].
ii. We prove the theorem (see Section 3) showing that the best attribute
calculated from a ﬁnite data sample in the considered node is also the
best according to the whole stream.
iii. We derive a formula (see section 3) allowing to determine a minimal
number of data stream elements such that the tree node can be divided
with respect to a considered attribute.
iv. We prove that for the two-class problem the number of elements n in a
node, needed to determine if the split should be made, is smaller in the
dsCART algorithm than in the McDiarmid Tree algorithm, with the
same level of conﬁdence 1−α. This is shown in section 5 and conﬁrmed
in experimental section.
v. The dsCART algorithm developed in this paper does not require any
prepruning operations and is applicable for any number of classes, contrary to the GDT algorithm.
vi. Through computer simulations we show performance of our algorithm
including a superiority of the dsCART over the GDT algorithm if computational time is taken into account.
The results of the paper are applicable to both categorical and numerical
data, in the latter case we should properly choose a split point and generate
a binary tree. This is commonly used procedure to deal with numerical
data in decision trees. Moreover, it should be emphasized that our main
result (Theorem 1 in section 3) is applicable to solve problems with concept
drift. More speciﬁcally, our result should replace the Hoeﬀding’s bound used
incorrectly in algorithms like the Concept-adapting Very Fast Decision Trees
(CVFDT) [17] or Hoeﬀding Option Trees (HOT) [24, 5] . We stress that the
idea of the CVFDT and HOT algorithms is correct, however authors of both
algorithms incorrectly used the Hoeﬀding’s bound in their papers. Our result
5

can be combined with those algorithms, replacing the Hoeﬀding’s bound by
formulas (23) and (24).
The rest of the paper is organized as follows. In section 2 the CART
algorithm is recalled. The main result of this paper is described in section 3.
In section 4 the dsCART algorithm is introduced. In Section 5 the dsCART
algorithm and the McDT algorithm are compared. Experimental results are
shown in section 6 and conclusions are drawn in section 7.
2. The CART algorithm
Now we will brieﬂy describe the CART algorithm. The introduced notation will be useful in the rest of the paper. The CART algorithm starts with
a single node L0 - the root. During the learning process, in each created node
Lq a particular subset Sq of the training dataset S is processed (for the root
S0 = S). If all elements of set Sq are of the same class, the node is tagged as
a leaf and the split is not made. Otherwise, according to the split measure
function, the best attribute to split is chosen among the available attributes
in considered node. For each available attribute ai , the set of attribute values
Ai is partitioned into two disjoint subsets AiL and AiR (Ai = AiL ∪ AiR ). The
choice of AiL automatically determines the complementary subset AiR , therefore the partition is represented further only by AiL . The set of all possible
partitions of set Ai is denoted by Vi . Subsets AiL and AiR divide the dataset
Sq into two disjoint subsets: left Lq (AiL ) and right Rq (AiL )
Lq (AiL ) = {sj ∈ Sq |vji ∈ AiL },

(5)

Rq (AiL ) = {sj ∈ Sq |vji ∈ AiR }.

(6)

Sets Lq (AiL ) and Rq (AiL ) depend on the chosen attribute and partition of its
values. Let pL,q (AiL ) (pR,q (AiL )) denote the fraction of data elements from Sq ,
which belong to the subset Lq (AiL ) (Rq (AiL )). Since the fractions pL,q (AiL )
and pR,q (AiL ) are dependent
pR,q (AiL ) = 1 − pL,q (AiL ),

(7)

only one of these parameters is needed to be considered, e.g. pL,q (AiL ).
The fraction of elements from Lq (AiL ) (Rq (AiL )), from class k, is denoted
by pkL,q (AiL ) (pkR,q (AiL )). The fraction of all data elements Sq in considered
node Lq , from class k, is denoted by pk,q . Note that pk,q , k = 1, . . . , K, are
6

not dependent on chosen attribute ai and partition AiL . As it was mentioned
previously, the impurity measure used in the CART algorithm is the Gini
index. For any subset Sq of training dataset it is given by
Gini(Sq ) = 1 −

K
∑

(pk,q )2 .

(8)

k=1

It is easily seen that the Gini index reaches its minimum (zero) when all cases
fall into a single target category, and maximum is obtained when records are
equally distributed among all classes. Furthermore, the weighted Gini index
of subset Sq , resulting from the choice of partition AiL , is deﬁned as follows
wGini(Sq , AiL ) = pL,q (AiL )Gini(Lq (AiL )) + (1 − pL,q (AiL ))Gini(Rq (AiL )),(9)
where Gini indices of sets Lq (AiL ) and Rq (AiL ) are given analogously as in
(8)
Gini(Lq (AiL ))

K
∑
(pkL,q (AiL ))2 ,
=1−

(10)

k=1

Gini(Rq (AiL ))

=1−

K
∑

(pkR,q (AiL ))2 .

(11)

k=1

A split measure function in the CART algorithm is deﬁned as a diﬀerence
between Gini index (8) and the weighted Gini index (9). Analogously to the
information gain used in the ID3 algorithm, this split measure function is
called Gini gain. It is dependent on the chosen partition AiL of attribute ai
g(Sq , AiL ) = Gini(Sq ) − wGini(Sq , AiL ).

(12)

Among all the possible partitions AiL of set Ai , the one which maximizes the
value of Gini gain is chosen
ÃiL,q = arg max
{g(Sq , AiL )}.
i
AL ∈Vi

(13)

The partition ÃiL,q is called the optimal partition of set Ai for the subset Sq
of training dataset. This optimal partition generates subsets Liq ≡ Liq (ÃiL,q )
and Riq ≡ Riq (ÃiL,q ). The value of gqi = g(Sq , ÃiL,q ) is called the Gini gain of
7

subset Sq for attribute ai . Among all the available attributes in the node Lq ,
the one with the highest value of Gini gain is chosen. The node Lq is split
into two children nodes Llast+1 and Llast+2 , where last is the index of the
node created lately in the whole tree. Let us assume that the highest value
of Gini gain is obtained for attribute ax . Then all the calculations described
above are performed in node Llast+1 , using the subset Slast+1 = Lxq , and in
node Llast+2 , using the subset Slast+2 = Rxq . The list of available attributes
in nodes Llast+1 and Llast+2 is taken from the node Lq , with the exception
of the attribute ax . The considered node Lq is not split if either the list of
available attributes in the node contains only one element or all the elements
from the subset Sq are from the same class.
3. Main Results
In section 2 all the fractions, e.g. pL (AiL ), were computed based on the
whole data set. In this section our discussion will concern a data stream
problem. Since data streams are of inﬁnite size, it is impossible to compute
the fractions as in the CART algorithm. They can be only estimated based
on available sample of data.
Now, we consider a situation in one particular node. Therefore, in all
notations introduced before we omit Sq for clarity. Similarly to formula (7),
the following dependencies are true
pKL (AiL )

=1−

K−1
∑

pjL (AiL ),

(14)

pjR (AiL ).

(15)

j=1

pKR (AiL )

=1−

K−1
∑
j=1

Therefore we consider further only 2(K − 1) out of 2K parameters pjL (AiL )
and pjR (AiL ), j ∈ {1, . . . , K − 1}.
Moreover, fractions pk (k ∈ {1, . . . , K}) are dependent as well
pK = 1 −

K−1
∑
j=1

8

pj .

(16)

Therefore, only K −1 of them, i.e pj , j ∈ {1, . . . , K −1}, are important. Note
that the fraction pj does not depend on a chosen attribute ai and partition
AiL ∪ AiR , and it can be expressed using pL (AiL ), pjL (AiL ) and pjR (AiL ) as
follows
pj (pL , pjL , pjR ) = pL (AiL )pjL (AiL ) + (1 − pL (AiL ))pjR (AiL ).

(17)

For any dataset X, consisting of elements belonging to one of K classes,
its Gini index can be calculated using the following formula
(
)2
K
K−1
K−1
∑
∑
∑
Gini(P1 , . . . , PK−1 ) = 1 −
Pj2 = 1 −
Pj2 − 1 −
Pj , (18)
j=1

j=1

j=1

where Pj is a fraction of elements from the set X, belonging to the j-th class.
Therefore, the Gini indices (8), (10) and (11) can be expressed as functions of
K−1 variables, i.e. Gini(p1 , . . . , pK−1 ) for (8), Gini(p1L (AiL ), . . . , p(K−1)L (AiL ))
for (10) and Gini(p1R (AiL ), . . . , p(K−1)R (AiL )) for (11), respectively.
The Gini gain function is a function of parameters mentioned above, i.e.
g(pL , p1L , . . . , p(K−1)L , p1R , . . . , p(K−1)R ) = Gini(p1 , . . . , pK−1 )
−pL Gini(p1L , . . . , p(K−1)L ) − (1 − pL )Gini(p1R , . . . , p(K−1)R ).

(19)

The optimal partition of set Ai is deﬁned analogously as in formula (13)
ÃiL = arg max
{g((pL (AiL ), p1L (AiL ), . . . , p(K−1)L (AiL ), p1R (AiL ), . . . , p(K−1)R (AiL )}.(20)
i
AL ∈Vi

We introduce the following notation for fractions associated with the optimal
partition

[
=

]
[
piL , pi1L , . . . , , pi(K−1)L , pi1R , . . . , pi(K−1)R =
pL (ÃiL ), p1L (ÃiL ), . . . , p(K−1)L (ÃiL ),

]

p1R (ÃiL ), . . . , p1R (ÃiL )

(21)

The value of g i = g(piL , pi1L , . . . , pi(K−1)L , pi1R , . . . , pi(K−1)R ) is called the Gini
gain for attribute ai . Parameters piL , pi1L , . . . , pi(K−1)L and pi1R , . . . , pi(K−1)R are
9

estimators of piL , pi1L , . . . , pi(K−1)L and pi1R , . . . , pi(K−1)R , respectively. They
can be treated as arithmetic means of some random variables from binomial distributions. Let us consider the data elements sm from data set S,
m ∈ {1, ..., n}. We deﬁne the random variable ζLi,m , which is equal to 1 if
sm ∈ Li and 0 otherwise. Variable ζLi,m is from the binomial distribution
2
with mean µiL = piL and variance (σLi ) = piL (1 − piL ). Similarly we deﬁne
i,m
ζkL
, k ∈ {1, . . . , K −1} (for elements lm from the set Li , m ∈ {1, ..., niL }) and
i,m
ζkR , k ∈ {1, . . . , K − 1} (for elements rm from the set Ri , m ∈ {1, ..., niR })
random variables, from the binomial distributions with means µikL = pikL and
2
2
i
i
) = pikR (1 − pikR ),
) = pikL (1 − pikL ) and (σkR
µikR = pikR and variances (σkL
i,m
i,m
respectively. Variable ζkL
is equal to 1 if lm is from the k-th class and ζkR
equals 1 if rm is from the k-th class.
The main result of this paper is the following theorem stating that if
the diﬀerence between the Gini gain estimates obtained for two attributes
is greater than a speciﬁc value, given by (24), then with a ﬁxed probability there is, roughly speaking, a statistical diﬀerence between the true Gini
gains. This allows either to determine, from a recent fragment of data, the
best attribute to split on or to say that the information to determine the
split is statistically insuﬃcient.
For convenience, let us denote
g i = g(piL , pi1L , . . . , pi(K−1)L , pi1R , . . . , pi(K−1)R )

(22)

Theorem 2. Let us consider two attributes ax and ay , for which we have
calculated the values of the Gini gain function. If the diﬀerence of these
values satisﬁes the following condition
g x − g y > ϵG,K ,

(23)

where
√
ϵG,K = z(1−α)

2Q(K)
√
,
n

(24)

z(1−α) is the (1 − α)-th quantile of the standard normal distribution N (0, 1)
and
10

Q(K) = 5K 2 − 8K + 4,

(25)

then g x is greater than g y with probability 1 − α.
Proof: see Appendix A.
Remark 1
If ax and ay are attributes with the highest values of Gini gain, then ax
can be chosen to split the considered leaf node, with the level of conﬁdence
(1 − α).
Example 1
Let us assume that there are n = 10000 data elements in the considered
tree node. The number of classes K = 3. According to formula (25) we have
Q(K) = 25. Let ax and ay be the attributes with the highest values of Gini
gain function. For convenience, let us denote
g x,y = g(pxL , px1L , px2L , px3L , px1R , px2R , px3R ) − g(pyL , py1L , py2L , py3L , py1R , py2R , py3R(26)
).
Let us assume, that the value of g x,y is equal to 0.1161. If the level of
conﬁdence is set to 1 − α = 0.95, then z(1−α) = 1.644854 and we have
√
2Q(K)
z(1−α) √
= 0.11631.
(27)
n
Therefore, inequality (23) is not satisﬁed and we can not say that the attribute ax is better than ay . Let us assume now, that new 100 data elements
arrived to the considered tree node. The total number of elements n in this
node equals 10100. Let us assume that the new value of g x,y is 0.116. For
the current value of n we have
√
2Q(K)
z(1−α) √
= 0.11573.
(28)
n
This time inequality (23) is satisﬁed. Therefore, with the 0.95 level of conﬁdence we are allowed to say that attribute ax is better than attribute ay .
The considered tree node is divided with respect to attribute ax .
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Example 2
Inequality (23) can be transformed as follows
(
)2
2Q(K) z(1−α)
n>
,
(g x,y )2

(29)

where g x,y is deﬁned as in (26). The above inequality is an alternative way
for determining whether to split the considered node or not. If the current
number of elements satisﬁes inequality (29), the node is divided with respect
to attribute ax . Let us assume that g x,y = 0.116. The values of z(1−α) =
1.644854 and Q(K) = 25 are the same as in Example 1. Then the term on
the right side of inequality (29) equals
(
)2
2Q(K) z(1−α)
= 10053.3.
(30)
(g x,y )2
Therefore, if n is greater or equal to 10054 elements, the tree node is divided
with respect to attribute ax .
4. The dsCART Algorithm
Theorem 2 allows us to propose an algorithm called CART for data
streams (dsCART). This algorithm is a modiﬁcation of the Very Fast Decision Tree algorithm proposed in [5]. Following the idea of the authors we
introduce the tie breaking mechanism. It forces the split of the considered
node after some ﬁxed number of elements, even though the best and the second best attributes do not satisfy condition (23). Without this mechanism,
splitting of the node can be blocked permanently if the two best attributes
provide comparable values of Gini gain. The number of elements to force the
split is the same in all nodes and depends on the tie breaking parameter θ.
For clarity of the pseudocode the following notation will be introduced:
• gqi is the Gini gain computed for the attribute ai in the leaf Lq .
• nki,λ,q is a number of elements from the k-th class in the leaf Lq , for
which the value of attribute ai is equal to aiλ , (aiλ ∈ Ai ).
• nkq is a number of elements from the k-th class in the leaf Lq .
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Algorithm 1: The dsCART
Inputs: S
A
α

is a sequence of examples,
is a set of discrete attributes, of the one class
is one minus the desired probability of choosing the correct
attribute at any given node,
θ
is the tie breaking parameter.
Output: dsCART is a decision tree.
Procedure dsCART(S, A, α)
Let dsCART be a tree with a single leaf L0 (the root).
Let A0 = A
For each attribute ai ∈ A
For each value aiλ of attribute ai
For each class k
nki,λ,0 = 0
For each example s in S
Sort s into a leaf Lq using the current tree.
For each attribute ai ∈ Aq
For each value aiλ of attribute ai
For each class k
If value of example s for attribute ai is equal to aiλ and s is
from the k-th class then
Increment nki,λ,q .
Label Lq with the majority class among the examples seen so far at Lq .
If the examples seen so far at Lq are not of the same class, then
For each attribute ai ∈ Al
For each partition of the set Ai into AiL , AiR
Compute gq (AiL ) using the counts nki,λ,q .
gqi = max
{gq (AiL )}
i
AL ∈Vi

a = arg max
{gqi }
i
x

a ∈Aq

ay = arg

max {gqi }

ai ∈Aq \{ay }

Compute ϵG,K using formula (24)
If (gqx − gqy > ϵG,K ) or (ϵG,K < θ), then
Replace Lq by an internal node that splits on ax .
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Figure 1: Ratio of ϵG,K to ϵM for K = 2 and K = 3.

For both branches of the split
Add a new leaf Llast+1 and let Alast+1 = Aq \{ax } at Llast+1 .
For each attribute ai ∈ Alast+1
For each value aiλ of ai
For each class k
nki,λ,last+1 = 0.
last = last + 1
Return dsCART .
5. Comparison with McDiarmid’s bound result
The main diﬀerence between the dsCART and the McDT algorithms lies
in the method of computing the bound for the diﬀerence between the true
mean of random variables and the estimate value. The obtained bounds are
ϵG,K and ϵM , given by (24) and (4), respectively.
For α ∈ (0; 0.5) the following condition is true for all n > 0 (see Fig. 1)
ϵG,2 < ϵM ,
ϵG,K > ϵM , K > 2.

(31)

This means that, in the two-class problem, the dsCART algorithm needs
less data elements to make a split than the McDT algorithm. Figure 1 shows
14

ratio of ϵG,K to ϵM for two-class and tree-class problem. One can see that
when α → 0 then ϵG,2 → ϵM . If α → 0.5 then ratio of ϵG,2 to ϵM tends to 0.
Example 3
Let us assume that ax and ay are attributes with the highest values of
Gini gain. We want to use the McDiarmid’s bound to determine if the value
of Gini gain for ax is higher then Gini gain for ay with (1 − α) level of
conﬁdence. Then, the diﬀerence g x,y (deﬁned by (26)) should satisfy the
following inequality (see [33])
√
ln(1/α)
x,y
g >8 √
.
(32)
2n
The above inequality can be transformed to the form
n > 32

ln(1/α)
.
(g x,y )2

(33)

Hence, if the number of samples n satisﬁes inequality (33), the considered
node in the tree is split with respect to the attribute ax . Let us assume that
g x,y = 0.224 and the level of conﬁdence 1 − α = 0.95. Then the term on the
right side of inequality (33) equals 1910.544.
Therefore, if the number of data elements n is greater or equal to 1911, the
node is split. To compare the McDiarmid’s bound with the method presented
in this paper we have to know the number of classes K. We will consider
two cases: ﬁrst with K = 2 and second with K = 3. For K = 2, according
to inequality (29), the required number n of elements in the node must be
greater or equal to 863. In the second case (K = 3) n has to be greater or
equal to 2697. Obtained results are consistent with those presented in Fig.
1.
6. Experimental results
6.1. Synthetic data
In this section the performance of the proposed method is examined and
compared with the McDiarmid Tree [33] and the Gaussian Decision Tree
[32] algorithms. Synthetic data were used, generated on a basis of synthetic
decision trees. These synthetic trees were constructed in the same way as
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described in [5]. At each level of the tree, after the ﬁrst dmin levels, each
node is replaced by a leaf with probability ω. To the rest of nodes a splitting attribute is randomly assigned; it has to be an attribute which has not
already occurred in the path from the root to the considered node. The
maximum depth of the synthetic tree is dmax (at this level all nodes are replaced by leaves). After the whole tree is constructed, to each leave a class is
randomly assigned. Each synthetic tree represents a diﬀerent data concept.
Data concept is a particular distribution of attributes values and classes. In
this work twelve synthetic trees were generated (all of them with ω = 0.15,
dmin = 3 and dmax = 18) giving twelve diﬀerent data concepts. Trees were
generated with D = 30 binary attributes and K = 2 classes. Data elements
for each synthetic tree are obtained in the following manner. The value of
each attribute is chosen randomly, with equal probability for each possible
value. Then the data element is sorted into a leaf using the synthetic tree,
according to the values of attributes. The class assigned to this leaf is assigned to the considered data element. The accuracy of the decision tree
is calculated every time a new leaf is generated based on new data set of
2000 elements. These testing sets are created the same way as training data
set. In the following simulations, for any set of dsCART parameters (α, n),
algorithm was run twelve times, once for each synthetic data concept. The
ﬁnal result was obtained as the average over all runs.
The ﬁrst experiment examines the dependence between the accuracy of
the algorithm and the size of the built tree. Data generated by various
synthetic trees produced classiﬁcation trees having diﬀerent complexities.
The number of leaves in the least complex tree was equal to 2971, therefore
the accuracy is compared in the interval [0, 2971]. The size of dataset was
n = 109 , the value of parameter α was set to 10−5 and the value of parameter
θ was 0.05. As it was expected the accuracy increases with the growth of the
number of leaves (see Fig. 2). Therefore it is important to determine the
best attribute to make a split using as few data as possible.
In the second experiment we compare the accuracy of the dsCART algorithm, the GDT algorithm and the McDT algorithm. For this simulation
the value of parameter θ was set to 0.05 and the value of parameter α was
10−7 . The experiment was performed on diﬀerent number of training data
elements, from n = 104 to n = 109 . As we can see in Fig. 3, the accuracy
of these algorithms diﬀers very little. We also calculated the corresponding
values of standard deviation, which for clarity are collected in table 1.
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Figure 2: The dependence between the accuracy of the dsCART algorithm and the number
of leaves (black line - mean value obtained for twelve trees, gray line - mean value ±
standard deviation (sd)).

Figure 3: The dependence between the number of training data and the accuracy of the
dsCART, the Gaussian Decision Tree and the McDiarmid Tree algorithms.

Table 1: Standard deviation of accuracy for diﬀerent number of elements N and various
classiﬁers.

N
104
105
dsCART 5,377 5,94
GDT
5,069 5,587
McDT 5,571 5,125

106
7,016
6,92
5,931
17

107
5,629
3,787
5,061

108
3,805
3,661
3,845

109
2,321
2,449
2,519

According to these values one can say that the three algorithms (McDT,
GDT and dsCART) demonstrate comparable accuracies. This result comes
from the fact that all three algorithms are based on the same mechanism
of tree construction. Hence the corresponding nodes are split with respect
to the same attribute with probability 1 − α. Therefore, with very high
probability all three algorithms produce the same decision trees on a given
data stream. The diﬀerence is only in the rate of splitting the nodes. For
considered algorithms the accuracy is increasing with growing number of
training data elements. For n = 109 the obtained accuracy was greater than
90%.

Figure 4: The dependence of the accuracies of the dsCART and the McDiarmid Tree
algorithms on the number of elements obtained for 8 various concepts.

The third experiment was performed to compare the accuracy of dsCART
18

Figure 5: The dependence between the accuracy of the dsCART algorithm and the level
of noise.

algorithm with McDiarmid Tree algorithm. The value of parameters α and
θ was set to 0.1 and 0 respectively. In Fig. 4 we can see the results obtained
for 8 various concepts. It shows that dsCART algorithm needs fewer data
elements to make a split than McDiarmid Tree algorithm for every concept.
The trees obtained by both algorithms are similar, therefore the ﬁnal accuracy tends to the same value. The main advantage of dsCART is that a split
is made based on fewer data elements what is especially important in some
special cases. Particularly to deal with concept drift we can limit the maximal number of data elements considered in the tree (like in CVFDT [17]).
Since the dsCART algorithm creates more complex trees than McDiarmid
Tree algorithm, the former should provide higher accuracy. The most important split is generally a split of the root because it ensures the highest gain
of accuracy. As one can see in Fig. 4 the dsCart algorithm always performed
this ﬁrst split faster than McDiarmid Tree algorithm.
In the next experiment we examined noisy data. The following mechanism
was used to create the noisy data. Every time the data were generated, the
value of each attribute and the class was changed with the probability φ to
any possible value with the same probability. The value of φ vary from 0%
to 50%. In Figure 5 we can see that with the growth of the value of noise
the accuracy decreases. However, in the investigated range the accuracy
decreases not more than 12%.
Figure 6 shows the diﬀerence between the processing time of the GDT
algorithm and the dsCART algorithm according to the size of training dataset
n. As we can see the dsCART algorithm is much faster than the GDT
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Figure 6: The diﬀerence of the processing time of the Gauss Decision Tree algorithm and
the dsCART algorithm depending on the size of training dataset n.

algorithm. For n = 104 the diﬀerence was equal to 0.16s and for n = 109 it
increased up to 6563s.
6.2. Real data
The performance of the dsCART algorithm was also examined on real
data. We decided to choose a dataset from the UCI repository [9]. Although
there is a variety of diﬀerent datasets available in the repository, only several
of them can imitate a data stream for our purposes. The most suitable seems
to be the ’KDD CUP 99’ dataset, consisting of 4898431 data elements. Data
are described by 41 attributes, 7 of which are nominal and 34 are numerical.
To adapt the node splitting procedure to the numerical attributes we applied
the standard method of dividing the range of the attribute into bins. In the
experiment we set the number of bins to 20 for all numerical attributes.
Each data element belongs to one of the ﬁve classes. Classes represent four
types of network attacks (’dos’, ’u2r’, ’r2l’ and ’probe’) and the ﬁfth class is
reserved for ’normal’ network connections (without attack). We performed
two simulations: ﬁrst for the original ﬁve-class problem, and the second for
the two-class problem, in which all four types of network attacks are merged
into one class labeled as ’attack’. The whole dataset was divided randomly
into two parts: the training set, consisting of 4896431 elements, and the
testing set, consisting of 2000 elements. The parameter α was set to 0.00001
and the tie breaking mechanism was turned oﬀ (θ = 0). Obtained results are
presented in Fig. 7.
As we can see we had to deal with very speciﬁc data. The fractions of
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Figure 7: The fraction of the most frequent class and the obtained accuracy of the classiﬁer,
for two-class problem (K = 2) and ﬁve-class problem (K = 5).

the most frequent class were equal to 0.801 for K = 2 and 0.799 for K = 5.
It shows that the dataset is strongly unbalanced. However, the obtained
accuracies (99.1% for K = 2 and 98.6% for K = 5) seem to be satisfactory.
7. Conclusions
In this paper we discussed the problem of creating a decision tree for
data stream classiﬁcation. We propose a new method of deciding, if the best
attribute to split the considered node obtained according to a ﬁnite data
sample is also the best attribute for the whole data stream. We propose
a modiﬁcation of the CART algorithm called the dsCART algorithm. To
show the mathematical foundations of this algorithm we use the properties
of the normal distribution and the Taylor’s Theorem. In the experimental
results we show that this new algorithm is accurate and fast at the same
time. Therefore we proved that it is proper tool for solving the problem of
data stream classiﬁcation.
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Appendix A.
In order to simplify a description, the following notations are introduced:
g i = g(µiL , µi1L , . . . , µi(K−1)L , µi1R , . . . , µi(K−1)R ),
( i )2
τL =
(

i
τjkL
=

)
i 2
τjL

(
=

∂g
∂pjL

)2

(

(

i
σjL

∂g ∂g
i
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σLi
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,

, j ∈ {1, . . . , K − 1},

j, k ∈ {1, . . . , K − 1}, k ̸= j,

)2

(

∂g
∂g
i
covjkR
,
∂pjR ∂pkR

i
σjR

)2

, j ∈ {1, . . . , K − 1},

j, k ∈ {1, . . . , K − 1}, k ̸= j.

(A.1)

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

i,m
i,m
i
i
where covjkL
= −pijL pikL is the covariance of ζjL
and ζkL
, and covjkR
=
i,m
i,m
i
i
−pjR pkR is the covariance of ζjR and ζkR .
To prove the Theorem 1 we will introduce and prove the following lemma

Lemma 1.
If function g(pL , p1L , . . . , p(K−1)L , p1R , . . . , p(K−1)R ) is given by formula (19),
then the value g(piL , pi1L , . . . , pi(K−1)L , pi1R , . . . , pi(K−1)R ) can be approximated
by the normal distribution
g(piL , pi1L , . . . , pi(K−1)L , pi1R , . . . , pi(K−1)R ) −→(A.7)
K−1
K−1
K−1
i
i
i 2
i 2
)
( (τ i )2 K−1
∑ (τjL
∑ K−1
∑ (τjR
∑ K−1
∑ τjkL
∑ τjkR
)
)
+
+
+
,
N gi, L +
i
i
i
i
n
n
n
n
n
L
L
R
R
j=1
j=1 k=1,k̸=j
j=1
j=1 k=1,k̸=j
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Proof. Parameters piL , pikL and pikR are estimated from the data sample in
considered leaf node as
∑n
ζ i,m
i
pL = m=1 L ,
(A.8)
n
∑niL i,m
j=m ζkL
pikL =
, k ∈ {1, . . . , K − 1}
(A.9)
niL
∑niR i,m
j=m ζkR
i
pkR =
, k ∈ {1, . . . , K − 1}
(A.10)
niR
For big values of n, niL and niR distributions of piL , pikL and pikR , according
to the Central Limit Theorem, can be approximated by appropriate normal
distributions
(
)
i 2
(σ
)
piL −→ N µiL , L
,
(A.11)
n
(
)
2
i
(σ
)
pikL −→ N µikL , kLi
, k ∈ {1, . . . , K − 1},
(A.12)
nL
(
)
2
i
(σ
)
pikR −→ N µikR , kR
, k ∈ {1, . . . , K − 1}.
(A.13)
niR
For big values of n, niL and niR one can assume that the values of piL , pikL
and pikR are very close to their expected values µiL , µikL and µikR . Therefore
one can apply the Taylor’s Theorem for Gini gain in neighborhood of point
(piL , pi1L , . . . , pi(K−1)L , pi1R , . . . , pi(K−1)R ) = (µiL , µi1L , . . . , µi(K−1)L , µi1R , . . . , µi1R ),
which is given by formula (A.14).
g(piL , pi1L , . . . , pi(K−1)L , pi1R , . . . , pi(K−1)R ) ≈
g(µiL , µi1L , . . . , µi(K−1)L , µi1R , . . . , µi(K−1)R )
∂g(µiL ,µi1L ,...,µi(K−1)L ,µi1R ,...,µi(K−1)R )

+
∑K−1

+ j=1
∑
+ K−1
j=1

∂pL

(piL − µiL )

∂g(µiL ,µi1L ,...,µi(K−1)L ,µi1R ,...,µi(K−1)R )
∂pjL
∂g(µiL ,µi1L ,...,µi(K−1)L ,µi1R ,...,µi(K−1)R )
∂pjR
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(pijL − µijL )

(pijR − µijR ).

(A.14)

Therefore, according to (A.11) - (A.14), the distribution of the random variable g(piL , pi1L , . . . , pi(K−1)L , pi1R , . . . , pi(K−1)R ) can be approximated by (A.7).
This completes the proof.
Observing that niL = npL and niR = n(1 − pL ), the variance of normal
distribution (A.7) can be further simpliﬁed as follows
2
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(A.15)

Distribution (A.7) is then given by
(
g(piL , pi1L , . . . , pi(K−1)L , pi1R , . . . , pi(K−1)R ) −→ N

i 2

gi,

(τ )
n

)
.

(A.16)

Now we will introduce the proof of the Theorem 1.
Proof. The diﬀerence of values g x ≡ g(pxL , px1L , . . . , px(K−1)L , px1R , . . . , px(K−1)R )
and g y ≡ g(pyL , py1L , . . . , py(K−1)L , py1R , . . . , py(K−1)R ) has the normal distribution
(
g x − g y −→ N

x 2
y 2
x
y (τ ) + (τ )
g −g ,
n

)
.

(A.17)

We do not know the true value of the mean g x − g y . Properties of the
normal distribution [19] ensure that the following inequality is satisﬁed with
probability 1 − α
x
y
g x − g y < ϵx,y
(1−α) + (g − g ),

where
ϵx,y
(1−α)

√
(τ x )2 + (τ y )2
√
.
= z(1−α)
n
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(A.18)

(A.19)

Obviously, inequality (A.18) is equivalent to the following one
g x − g y > (g x − g y ) − ϵx,y
(1−α) .

(A.20)

It means that the attribute ax is the better than ay according to the whole
stream, i.e.
g x − g y > 0,

(A.21)

with probability 1 − α, only if the following inequality is satisﬁed
x
y
ϵx,y
(1−α) < g − g .

(A.22)

Moreover, if we would show, that the ϵG,K given by (24) is the upper bound
of ϵx,y
(1−α) , i.e.
ϵx,y
(1−α) < ϵG,K

(A.23)

then the following condition is enough to satisfy inequality (A.21) with probability 1 − α
g x − g y > ϵG,K .

(A.24)

Then one can say that if inequality (A.24) is true, then g x > g y with probability 1 − α. Now inequality (A.23) will be proved.
Partial derivatives of Gini index (18) are given by
(
)
K−1
∑
∂Gini(P1 , . . . , PK−1 )
= −2Pi + 2 1 −
Pj = 2(PK − Pi ).
∂Pi
i=1
Observing that

∂pi
∂piL

= pL and

∂g
=
∂piL

∂pi
∂piR

(A.25)

= (1 − pL ), we have

∂Gini(p1 ,...,pK−1 ) ∂pi
∂pi
∂piL

− pL

∂Gini(p1L ,...,p(K−1)L )
∂piL

= 2pL (pK − pi − pKL + piL ) ≤ 4pL
and
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(A.26)

∂g
∂Gini(p1R ,...,p(K−1)R )
1 ,...,pK−1 ) ∂pi
= ∂Gini(p∂p
− (1 − pL )
∂piR
∂piR
i
∂piR
= 2(1 − pL )(pK − pi − pKR + piR ) ≤ 4(1 − pL ),

(A.27)

Those inequalities are satisﬁed for every attribute. Therefore, for any
chosen attribute ai , we obtain the following bounds:
)2
(
∂g
i 2
pijL (1 − pijL )
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∂pijL
1
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Since that
by

∂pij
∂piL

= pijL − pijR , the derivative of g with respect to piL is given

K−1
∑ ∂Gini ∂pij
∂g
=
− Gini(pi1L , . . . , pi(K−1)L ) + Gini(pi1R , . . . , pi(K−1)R )
i
i
i
∂pL
∂pj ∂pL
j=1

=

K−1
∑

2(piK − pij )(pijL − pijR ) − Gini(pi1L , . . . , pi(K−1)L ) + Gini(pi1R , . . . , pi(K−1)R )

j=1

≤ 2(K − 1) − Gini(pi1L , . . . , pi(K−1)L ) + Gini(pi1R , . . . , pi(K−1)R ).

(A.32)

Since the Gini index takes values in the interval [0; 1), the following bound
is true
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(
(τLi )2

=

∂g
∂piL

)2
piL (1 − piL ) ≤ (2(K − 1) + 1)2

1
< K 2.
4

(A.33)

Finally, according to bounds (A.28) - (A.31) and (A.33), the following
bound for (τ i )2 (deﬁned in (A.15)) is satisﬁed
(τ i )2 ≤ K 2 + (K − 1)4pL + (K − 1)(K − 2)4pL + (K − 1)4(1 − pL )
+(K − 1)(K − 2)4(1 − pL )
2
= K + 4(K − 1) + 4(K − 1)(K − 2) = 5K 2 − 8K + 4 = Q(K).(A.34)
The inequality (A.34) holds for any attribute ai , in particular for ai = ax
and ai = ay . Therefore, back to formula (A.19), the pessimistic value of ϵx,y
1−α
can be expressed in the form
√
2Q(K)
x,y
ϵ1−α = z1−α √
.
(A.35)
n
Therefore, in general case ϵx,y
1−α ≤ ϵG,K .
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